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Fig. 1 Time histories of a simulation result with Tf = 1 s and Q =
diag(10, 10, 0.1): – – –, reference state and ——, actual state.

has bounded magnitude. The system is controlled by the bounded
control input so as to minimize the deviation from the desired ref-
erence trajectory on average over [t; t C T ]. Because the system is
nonholonomic and cannot track the reference trajectory given by
Eq. (26) perfectly with any control input, the performance index
is not bounded with respect to the time interval T and an in� nite
horizon regulator cannot be designed for the present tracking con-
trol problem. However, the receding-horizon tracking control can
be designed because of the � nite T .

The initial state is given in the simulation as x1 D 0:2 m, x2 D
0 m, and x3 D 0 rad. The parameters are chosen as L D 0:0605 m,
R0 D 0:3 m, !0 D 1:0 rad/s, and ® D 0:5. The matrix to stabilize
the solution is chosen as As D ¡50I . The Adams method starting
with the Runge–Kutta–Gill method is used for numerical integra-
tion of the differential equations on both the t axis and the ¿ axis.
The time step on the t axis is 0.01 s, and the time step on the ¿
axis is 0.05 s. The simulation program is coded in C language on
an Apple Power Macintosh 7100/80AV (CPU: PowerPC 601, 80
MHz; RAM: 32 MB), and the size of the binary � le of the program
is 66 KB. The whole computational time is about 15 s for simulat-
ing the control process of 20 s. Therefore, it can be concluded that
the proposed control algorithm is implemented with a suf� ciently
short computational time and a moderate amount of data storage.
The computational time can be reduced further by changing the
integrationmethod and/or the time steps at the expense of accuracy.

The simulation result in Fig. 1 is a case with T f D 1 s and Q D
diag.10; 10; 0:1/. Time histories of state variables; the norm of the
error in the optimality condition,kFk; and control inputs are shown
in Fig. 1. The error kFk is less than 0.04 throughout the simulation,
which validates the accuracy of the optimal solution. The peaks of
kFk appear when the attitude angle x3 changes rapidly. The atti-
tude angle x3 vibrates around the constant reference state of zero
becausethe model cannotmove in the x1 directionwith zero attitude
angle. Optimization results in satisfactory tradeoff between track-
ing performance of x1; x2 , and x3. The closed-loop performance
depends on free parameters of the performance index in the present
optimization-basedcontrol.

Conclusions
An algorithm is proposed for the time-variant receding-horizon

control of general nonlinear systems. The algorithm is derived in a
manner that is different from the conventional one, and it is shown

that the unknown costate is governed by a differential equation that
is a natural extension of the Euler–Lagrange equations for a usual
� nite horizon optimal control problem with a � xed terminal time.
A tracking control problem of a two-wheeled car is employed as
a numerical example. It is shown that the proposed algorithm re-
quires a realistic amount of computational time and data storage
in the simulation. As the result of the numerical simulation, it is
concluded that the receding-horizon tracking control achieves the
best possibleperformanceeven if the reference trajectory cannot be
tracked perfectly with any control input. The present approach can
generatea highlynonlinearcontrol law throughoptimizationrequir-
ing trial and error only in selection of a few free parameters. It may
be concluded that the present approach provides an ef� cient design
technique for a wide class of nonlinear feedback control problems.
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I. Introduction

P ROPORTIONAL navigation (PN) guidance has been probably
the most popular and extensively studied guidance method for

short-rangeintercept.Pastricketal.1 providea historicalbackground
of the PN guidance concept and a comprehensive list of the litera-
ture on PN guidance laws up to 1979. Many additional publications
have since appearedon PN guidanceand its variations.2¡5 In almost
all of the existing studies where the capture of the target with PN
guidance is analytically investigated, a key assumption is that the
interceptorand the targethave constantvelocities.The PN guidance
law in principle has no dif� culty being applied to long-range inter-
cept. For instance, in the entry � ight of a lifting space vehicle, the
vehicle needs to be guided from the penetration of the atmosphere
to a target point near the landing site where � nal approachand land-
ing maneuvers are initiated.6 However, when the PN guidance law
is applied to such a long-range intercept, the constant-velocity as-
sumption is no longer a valid approximation because the velocity
variation in this case can be as large as one order of magnitude.
In this Note, we examine the PN guidance law applied to the in-
tercept of a nonmoving target when the interceptor has arbitrary
time-varyingvelocity. We shall show that the PN guidance law will
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lead to intercept of the target for any initial conditions, except for
the case when the interceptor is moving away from the target along
the negative direction of the line of sight.

II. Guidance Law and Analysis of Intercept
We shall consider intercept in the horizontal plane while the in-

terceptor can be in three-dimensionalmotion over a � at Earth. This
would be the case for entry vehicle guidance where the longitudi-
nal (vertical) � ight is guided by a different scheme,6 and the lateral
guidance logic is responsible for guiding the vehicle to the target
point location.Let thecoordinatesystemoxy in thehorizontalplane,
shown in Fig. 1, be centered at the nonmoving target with the x axis
pointing toward the east and the y axis north. The kinematicsof the
interceptor in the horizontal plane are then given by

Px D VT .t/ cos° .t/ sin Ã.t/ (1)

Py D VT .t/ cos° .t/ cos Ã.t/ (2)

where VT is the total velocity of the interceptor, ° is the � ight-path
angle of the interceptor, and Ã is the velocity azimuth angle of the
interceptor, measured in the horizontal plane from the north in a
clockwise direction. Note that VT .t/, as well as ° .t/, is generally
time varying and affected by gravity, propulsion, if any, and aero-
dynamic forces. We will allow arbitrary variationsof VT .t/ > 0 and
° .t/ 2 .¡¼=2; ¼=2/ and simply denote V .t/ D VT .t/ cos ° .t/. The
azimuth angle of the line of sight from the interceptor to the target
is Ã¤, and

Ã¤ D tan¡1.¡x=¡y/ (3)

The negative signs are added for determination of the appropriate
quadrant of Ã¤. The time derivative of Ã ¤ is obtained with the aid
of Eqs. (1–3):

PÃ ¤ D V .t/

³
y sin Ã ¡ x cosÃ

x2 C y2

´
(4)

The guidance law is a PN law in which Ã is commanded by

PÃ D ¸ PÃ ¤
(5)

for some constant¸, the rangeof which is to be determined.Suppose
that the initial conditions µ0 and Ã0 are restricted in the range of
[0; 2¼ ]. Then for any r0 > 0, µ0 and Ã0 such that Ã0 C µ0 6D ¼=2 or
5¼=2, we have the following results.

1) For any ¸ > 1 and 6D 2 in Eq. (5), the separation r between
the interceptor and the target point will asymptotically approach
zero.

2) When ¸ D 2, r D 0 will occur in a � nite time.
3) For any ¸ > 2 the intercept trajectory will end in a direct col-

lision course with Pµ ! 0 and PÃ¤ ! 0.

Fig. 1 Intercept geometry in horizontal plane.

Let us show how these results are obtained.We � rst eliminate the
explicit dependence on the arbitrary (positive) time function V .t/
by introducing a new independent variable:

¿ D
Z t

0

V .¾ / d¾ (6)

or

d¿ D V .t/ dt (7)

Then, Eqs. (1), (2), and (5) become

dx

d¿
D x 0 D sin Ã (8)

dy

d¿
D y0 D cos Ã (9)

dÃ

d¿
D Ã 0 D ¸.y sin Ã ¡ x cos Ã/

x2 C y2
(10)

It is more convenient to use polar coordinates r D
p

.x2 C y2/ and
µ , as shown in Fig. 1. In terms of r and µ , the preceding equations
are equivalent to

r 0 D sin.Ã C µ/ (11)

µ 0 D
cos.Ã C µ/

r
(12)

Ã 0 D ¡¸
cos.Ã C µ/

r
(13)

De� ne

Á D Ã C µ (14)

The system (11–13) reduces to

r 0 D sin Á (15)

Á0 D .1 ¡ ¸/.cosÁ=r/ (16)

Eliminating the dependence on ¿ between Eqs. (15) and (16) gives

dr

dÁ
D

r tan Á

1 ¡ ¸
(17)

Integrating this equation yields

r D C jcos Áj1=.¸ ¡ 1/ (18)

where C > 0 is an integration constant. Consider for the moment
the case where cosÁ > 0. Substitute Eq. (18) into Eq. (16) to have

Á0 D [.1 ¡ ¸/=C ].cos Á/.¸ ¡ 2/=.¸ ¡ 1/ (19)

For any ¸ > 1, Eq. (19) indicates that Á0 < 0. Thus, Á will mono-
tonically decrease, approaching Á D ¡¼=2 if ¡¼=2 < Á0 < ¼=2 or
Á ! 3¼=2 if 3¼=2 < Á0 < 5¼=2. In particular, when ¸ D 2, Á will
decrease linearly to ¡¼=2 or 3¼=2, depending on Á0, in a � nal
time ¿ f D C.¼=2 C Á0/=.¸ ¡ 1/ or C .Á0 ¡ 3¼=2/=.¸ ¡ 1/. When
¸ > 2, Á0 ! 0 as Á ! ¡ ¼=2 (or 3¼=2). Therefore Ã ¤0 D ¡Á 0=.1 ¡
¸/ ! 0 and µ 0 D Á 0=.1 ¡ ¸/ ! 0, which suggests that PÃ¤ and
Pµ ! 0. In all cases, r ! 0 by Eq. (18), or r D 0 at ¿ f when
¸ D 2.

For the case where cos Á < 0, a negative sign is added to the
right-hand side of Eq. (19) and cos Á is replacedby ¡cos Á. Similar
arguments will show that Á will monotonically increase to 3¼=2
or 5¼=2. The proof of the rest of the stated results then follows.
The only case where interception will not occur is when Á0 D Ã0 C
µ0 D ¼=2 or 5¼=2. This is the case when the interceptor is moving
away from the target along the negative direction of the line of
sight.
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Fig. 2 Trajectories with different initial Ã(0).

Fig. 3 Trajectories with different ¸ values.

Remarks:
1) Although theoreticallyr will not reach zero in � nite time (ex-

cept for ¸ D 2), simulationsreveal that r always reaches a very small
value (practically zero) in � nite times.

2) The property that PÃ D ¸ PÃ ¤ ! 0 for ¸ > 2 is desirable. This
means that the required turning accelerationof the interceptorin the
horizontal plane, VT

PÃ , is approaching zero near the end.
3) Similar results are obtained in Ref. 7 for constant-velocity

interceptor and target. Speci� cally, it can be deduced from Ref. 7
that ¸ > 1 is required for a constant-velocity interceptor to capture
a target if the target is stationary. Also, applying the discussion
in Ref. 7 to a nonmoving target yields that for ¸ > 2 the line-of-
sight (LOS) rotation rate is decreasing near the end, although the
conclusionof thevanishingLOS rotationrate is not readilyavailable
from Ref. 7.

4) The conclusions obtained in this Note are independent of the
actual variations of the interceptor velocity VT .t/ and � ight-path
angle ° .t/. This enables the guidance algorithm in the vertical di-
rection,which will result in changesin ° , to functionindependently.

Figure 2 shows the intercept trajectories based on Eqs. (8–10)
for ¸ D 2:5 with different Ã.0/ values and � xed dimensionless
r.0/ D 1 and µ.0/ D 225 deg, where x and y are normalizedby r0 Dp

[x2.0/ C y2.0/]. Figure 3 contains the comparison of intercept
trajectoriesfor the � xed initial conditionsr.0/ D 1, µ.0/ D 225 deg,
and Ã.0/ D 90 deg as ¸ varies. It is seen that, the larger ¸ is, the
more rapidly the trajectory will approach a direct collision course.

III. Conclusions
A PN guidance law is applied to an interceptor that has arbitrary

time-varying velocity and is to reach a nonmoving target point.
When the proportional constant is greater than unity, intercept will
occur for all initial conditions,except for the case when the intercep-
tor is moving away from the target initially along the LOS. When
the proportionalconstant is greater than 2, the interceptwill end in a
direct collision course, with the required normal accelerationbeing
zero for the interceptor.
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Introduction

T HE role of Riccati and Lyapunovequations and their solutions
in optimal control and Kalman � ltering is well known.1¡3 It is

also well known that the solution of these equations,which is a real
symmetric matrix, loses its symmetry because of numerical errors.
The simplest and most straightforwardway to restore this property
is symmetrization, which is performed at each instant in which the
matrix is computed4¡6; that is, if we denote by P the raw solution
at a certain stage, then P is replaced by the matrix Ps , where

Ps D .P C PT /=2 (1)

In the ensuing we will refer to Ps as the symmetrized P .
Whereas the replacement of P by Ps is the obvious way to solve

the problem, there may seemingly be better ways to restore sym-
metry. In particular, one may wish to replace P by the symmetric
matrix that is the closest to it. This raises the question, what is the
symmetric matrix that is the closest, in the Frobenius norm, to P?
It turns out that the real symmetric matrix closest to P is the sym-
metrized P . Althoughproven in 1955 (Ref. 7), this fact is not widely
known. The purposes of this Note are, � rst, to bring this fact to the
attention of the readers; second, to present a new proof that is dif-
ferent from that presented in Ref. 7; and � nally, to show that this
result can be explained in a rather simple manner.

Closest Symmetric Matrix
Next we prove the fact that Ps is Pc , where Pc denotes the n £ n

symmetric matrix closest to the n £ n P matrix. The following
theorem and proof are according to Ref. 7.

Theorem: The closest symmetric matrix to a real matrix, in
Frobenius (Euclidean) norm, is its symmetrized matrix.
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